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LONGTIME DYNAMICS OF A CONDUCTIVE FLUID
IN THE PRESENCE OF A STRONG MAGNETIC FIELD

C. BARDOS, C. SULEM AND P. L. SULEM

ABSTRACT. We prove existence in the large of localized solutions to the MHD
equations for an ideal conducting fluid subject to a strong magnetic field. We
show that, for large time, the dynamics may reduce to linear Alfven waves.

1. Introduction. In contrast with a uniform velocity field, a uniform magnetic
field has a significant dynamical effect on a conducting flow. This is easily seen by
writing the (ideal) MHD equations:

%—;)+v'Vv= ~Vp+b-Vb,
(1.1) 0 . Vb=b-Vo,

ot

Vov=V-b=0
in terms of the Elsisser variables
(1.2) Zt=v+b, Z =v-b
which satisfy

+

%— +2Z7-VZt =—-Vp,

(1.3) -—-—agt +2Z%t.VZ~ =-Vp,

V-Zt=V-Z" =0.

When equations (1.3) are linearized around the static solution with a constant
magnetic field By, one obtains that the fluctuations 2* = Z* F By propagate
along the By magnetic field in opposite directions. This suggests that in the orig-
inal nonlinear problem, a strong enough magnetic field will reduce the nonlinear
interactions [1] and inhibit formation of strong gradients. This effect was observed
in direct numerical simulations of equations (1.3) with periodic boundary conditions
[2]. These calculations showed that in the presence of a strong enough magnetic
field, solutions remain analytic in a strip whose width is bounded from below.

In this paper, we consider the problem in the entire R% or R3; we prove that
for large By and small enough localized initial fluctuations 2, the solution of the
MHD equations (1.3) remain smooth for all time and that the nonlinear interactions
become asymptotically negligible when ¢t — +o0.
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2. Equations and functional framework. The fluctuations z* satisfy

9zt
—;t—+Z"~Vz+=—Vp,
9z~ + - n
(2.1) WJFZ -Vz~ = -Vp, z€R", n=2or3,

V'Z+:V'z_=0a
2% (z,0) = 2§ (z); 27 (x,0) = 25 (2).

As a consequence,

(2.2) j%* = Curl 2*
obeys
a5+ .
—a’t— +27 Vit ==Y Vo Adiat,
(23) 9i- ’
T2t VT ==YV Ao
k

Two families of characteristics are associated to equations (2.1), (2.3),

$7(t) =27 (z7(t),t), and &¥(t) =Z7(z(2), (1)),

(2:4) z7(0)=a", zt(0) =a™.

We define the operators A* and A~ by

Atz (z,t) = f(z + Bot)z™ (z,t),

(2.5) A"z (z,t) = f(z — Bot)z™ (z,t)

where, for example,
(2.6) f(z) =1+ |z

Similar weights were introduced by Klainerman [3] in the context of nonlinear wave
equations.

To justify the above definitions, we remind that, in the linear problem, z* and
j* are just transported along the characteristics #¥ = FBy. It follows that if the
initial conditions are 23 () = ¢*(z)/(14|z|?), where ¢*(z) are uniformly bounded,
the quantities A=':z,i (z,t) associated to the linear solutions z,i are bounded uni-
formly in time. For the nonlinear problem, we have
(2.7

4 A7+ (@ (0,0 = f(0) + Bot) 23 (27(0),)
+27 (a7 (t),8) - V(2™ (t) + Bot)s* (27 (t),¢)
= — f(z7(t) + Bot)Vz;, Azt (z™(t),t
+27(z7(t),t) - Vf(z™(t) + Bot)s+(z™(t),t) (from (2.3)).
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Thus,
(2.8)
A5 (2 (1), )

=A%jf(e™) - A~Vz (z7(1),7) ANAT Ozt (27 (7),7) dr

+J] At o

V/(a~(r) + Bor)
Fam B 4 0

Similarly,
(2.9)

Atzt(z=(t),t) = Atzf(a™) - /0 f(z= (1) + Bor)Vp(z~(7),7)dr

YAm 2 (27 (7),7) Vf(z~(r) + Bor)
o f(z=(r) = Bor) f(z=(r) + Bo7)

Analogous equations hold for A=5~(z%(t),t) and A=z~ (z+(¢),1).

The analysis presented in this paper consists of showing that also, for the non-
linear problem, A*z%*(z,t) and A*;*(z,t) remain uniformly bounded in C%%(R™)
under some smallness hypotheses on the initial conditions.

C%*(R™) (0 < a < 1) is the space of (vectorial) functions which are Holder
continuous. It is equipped with the norm

+ Atzt(z™(1),7)dt.

lu(z) — u(y)|
2.10a u = |u|p + su ,
(2.10a) [ulo,a = |ulo I S Py
where
(2.10Db) lulo = sup |u(z)].
TzER™

C1%(R™), which is the space of functions which are Holder continuous together
with their derivatives, is equipped with the norm

ou

(2.11) [ul1,0 = [ulo,a 5

We recall that, for initial conditions 2% in C*(R") with zero divergence, there
exists, during a finite time ¢ < T,, a unique solution (2%, 27) in C(0, T\, C1*(R"™))
[4]. Thus, if initially,

(2.12) |4* 2§ 11,0, |47 25 |1,0 < Bo/4,

there exists a time T} such that for ¢ < Ty, |A*z%|; 4 and |A~27|; o remain
smaller than By/2.
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3. A Schauder-type lemma.
LEMMA 3.1. For 2% satisfying V - 2* = 0, and j* = Curl 2% we have
(3.1) |[A* V2t o0 < C(|A% 2% 0.0 + |4% 10 a)-

PROOF. The proof of this lemma is similar to that of the Schauder lemma [5].
We only consider the case of + signs. The other is identical. For simplicity we give
the proof in three dimensions. The case of dimension two is very similar.

If V-2t =0and j* = Curl 27, then 2zt satisfies
(3.2) Azt = —Curl ™.

In three dimensions, we define

~ _ 1 0(zl)
R = { ) = 590 }k=1,2,3’

H(alu = 98—t g vy e v |12

where § is a C* function equal to 1 for |z| < 1 and 0 for |z| > 2. We write

Aty (y)
+T,F (1) = _an2d Y
(33) AT (2) = flz+ Bot) [ K(lz =) f s
Separating the contribution at the origin and at infinity, we write
(3.4) AtTVzt(z) = P(z) + Q(2)
with
_ _ Atjty)  AtT (=)
(35) P = fa+ Bot) [ Klz—al) |7l - 2 gy
and
- _ A )
(36) Q@) = fla-+ Bot) [ Hila =y 52 du.
We have
P(a)= [ K(lz=sll(A*5*(0) - 4*5* (&) dy
(3.7)
_ + o+ |f(z + Bot) — f(y + Bot)|
+/K(Iw yDATIT(y) 7w+ Bot) dy.
Thus,
(3.8) |P(z)lo < ClA*j 0,0
On the other hand, denoting by C various constants,
+ .+ 1 f(IE + Bot)
Q@ISO [ o e e
1 f(z+ Bot)

(3.9) +ClA*T 2" g /

1<|z—y|<2 |:IJ - y|3 f(y + BOt)
dv 1+ a? / dv  1+a?
v>1 V2 1+ (v —a)? 1

.1 <C|A*Tz?t —_——
G40y = e B e
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where a = |z + Bot|. In (3.10), the integrals

dv 1+4a? 1 a v?
11 —_——— == 1
(3.11) vel V214 (v —a)? [v2+a2+1n1+(v—a)2
3t w—a)]
a? +1 L
dv  1+a? [ v 1 ]2
—_— = ln‘/—+2atan (v—a)
(3.12) /1<U<2 v 1+ (v—a)? 1+ (v —a)? L
=C +2atan™! 1

1+(2-a)(1—-a)
are uniformly bounded in a. It follows that
(3.13) 1Q(z)lo < ClAT 2% ]o.

We now turn to (1/|z—y|*)|A* V2t (2)— At V2T (y)|, and write d = |z—y|. Ifd >
1 we bound separately the two terms of the difference. If d < 1 in |P(z)— P(y)|/d*,
we separate the contributions o, and &, from © = {|z — u| < 2d} and R3\Z
respectively. For o, we bound separately the two terms of the difference and get

(3.14) 0, < ClAY %00

We write 6, in the form
(3.15)
_ _ f(z+ Bot) Atyt(u) Atj*(2)
70 = LEX20 [ (ke - ul) - Klly = ) | {1 — e | 4
fly+Bot) [ Atjt(z)  AYjt(y)
- HeP [ - [~ 1 )
f(z + Bot) — f(y + Bot) Atjt(w) At ' (g)
+[ d* ]/K(y_") [f(U+Bot) - f(z+Bot)] -
In the first integral of (3.15)

(K(lz —ul) - K(ly — u)) < clz - yloiugl lu =y — (1 — )z

e S
(3.16) . »
< oyl o™

The first integral of (3.15) is thus bounded from above by C|A*j*|g 4. For the
second integral, we write

(3.17) /K(|y—u|)du=/ v [;O(Iy—ub] ATdF < C,
lu—z|2d |y - ’U,l
and thus get
1 .
(3.18) |P(z) — P(y)| < ClA* 5% |o,a-

de
On the other hand, ford < 1,

=106 - QW) < 5w Q')
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where

1 1+a?
') < OlA+ 2+ / 1 1+4d
|Q(I)|-—- I 2 IO o1 ’U31+(’U—a)2 v
+C|A+z+|o/ i,————1+a2 ~dv
(3.19) 1<v<z V2 1+ (v —a)
1 1
2CalA* 2+ / i v
+2Ca|AT 27 |o - v21+(v—a)2dv

1 1
+2CaA+j+o/ —_—
| | 1<v<2 V14 (v—a)?
For the first two integrals of (3.19), we notice that for |v| > 1, 1/v3 < 1/02
and 1/v? < 1/v and using (3.11) and (3.12), we obtain that they are uniformly
bounded with respect to a. For the last two integrals, we use 1 < c(a® + 1) to

recover previously computed integrals. Putting together the above estimates, we
get (3.1).

4. A priori estimates. We define

(4.1) M*(t) = sup (|AZz=(, 7)o + [A%5F(7)l0,0)
0<7<t

and

(4.2) N(t)=M*(t)+ M~ (¢).

In this section, we establish a uniform bound for N(t).
PROPOSITION 4.1. Fort < T we have
|A* 2" (- t)lo,a + AT (-, )00
(4.3) + + M~ (¢)
<(|fz + exp ————————.
> (lf 0 IO,a If]O |0,a) P 2|B01 — M_(t)
PROOF. It follows from (2.8) that

|4*5* (.80 < 14* 5o+ sup (14727 (7)o + 147V (,)lo)

(4.4) t
: /o K(z™ (r),7) (A% 2* (7)o + [A* 5% (2 7)lose) dr

where

o 1 IV £z (r) + Bor)]
45 K00 = gy 1 e A
satisfies

t dr

(4.6) / K(z 7)dr < c/o T @ () —Bor)®

By the change of variables
By

(4.7) &(r) = (z~(r) — Bor) - |g0| (a-—zBor+/0’z‘( (T )T)dr) Bol’
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we have

®  g¢ 1

t
K(z™(r),7)dr < c/
(4.8) /0 ) o 1+ [2Bo| —supoc,<: 127 (5 7)lo
¢ c

< < .
~ |2Bo| — supg<,<¢ 14727 (7)o ~ 2|Bo|l — M~ (t)

To estimate the C%®-norms, we consider the distance p(7) = |z~ () — y~ (7)|
between two characteristics starting from 7 (0) = a~ and y~(0) = b~. We have

4 [|A+J'+(w'(t),t) - A*J’*(y‘(t),t)l]

& FROBFROL
() <o 0L v (0,0 - A% (0,0
4 | AN 0.0 - AT 6 (0.0)].

Integrating from 0 to ¢ and using (2.8) we have

[A*5+(z(8),t) — A5 (y~(2),¢)]
p(t)e

S|A+]b+|o,a+a/ pl(”)( )'l| tite(1),7) - Aty (r),7)|dr

R S
ATV (y(1),7)

f(y=(r) — Bor)

/t dr 1 Vf(z~(r) + Bor)
o p(r)* f(z=(r) = Bor) f(z~(r) + Bor)

A AT Ozt (y~(1),7)

ATz (27 (1), 1) AT T (27 (1), 7)
(4.10) 3 1 V/({y~(r) + Bor)
f(y=(r) = Bor) f(y=(r) + Bor)

CAT2 (Y (r), ) AT T (v (7),7)

t
< 1A% low + o /0 p'(”)( LAt (1), 7) — AT (1), )l dr

+C sup |[A727 (- |1a/ K(z
0<7r<t
(IA*2* (oo + 1AT5¥ (-, 7)lo,a) d

+C sup |4~z (2 7)1a /0 W[H(z-m,y—(r),r)l

0<r<t

(|AT2F ()0 + AT 5 (- 7)lo) dr,
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wherein, for 0 <t < T,
(4.11)
t

/0 ﬁw(z-(r),y-(r)n)ldr

o 1 B 1 . |V f(z~ (1) + Bor)| .,
S/o o) [f(:v‘(f) ~ Bor) f(y‘(T)—Bor)] [” 7@ () + Bor) ] d
/t 1 1 ”Vf(z‘(r)+Bo7') _ Vf(y~(r) + Bor) ] g
o 03 Fa () =Bor) | 7@ (M + Bor) ~ J(v- (1) + Bo)

Let us denote by P; and P, the two integrals arising in the r.h.s of (4.11). For
p(1) < 1, we write

P = /Ot p(i)a [f(x—(r)l— Bor) f(y'(T)l— 307)]
Jre BAZ DR 4

(4.12) f(z=(r) + Bor)
. Ix (1) = Bor +y~ (1) — Bor| .
< C'/ 1+ (z=(r) - 301)2][1 T () — Bor)2] (T)l dr
1
: C/ [ — Bor) - fly=(7) - BOT)] dr.
For p(r) > 1, we bound separately the terms of the difference and get
C
(4.13) P s
Similarly
P = /t - ! |z~ (7) + Bor| — |y~ (7) + Bo7|
(4.14) ’ p(r)* f(y~(7) — Bot) 1+ (z=(r) — Bor)?

ly~(7) + Borlp(r)|z— (1) +y (1) + 2Bo]
[1+ (2= (7) + Bor)?[1 + (y~(7) + Bo7)?]

which leads to
C

(4.15) P S ST D

It follows that

t _ _ o
(4.16) /0 W|K(a: (r),7)— K(y (T),T)Id’rsm.

Finally, in (4.10),
/ G a+1| A (™ (1)) = AT5* (™ (7)) dr
(4.17) <a/ | (@7 (), r) = 2Ty (r )’T)||A+j+(z‘('),r)|o,a
t 1 |A 2z (a: (1‘) ) A"z (y(1),7
<af 3

) |A+j+(" T)lO,a dr

)
f(z=(r) = Bor)  f(y=(r) — Bor)




LONGTIME DYNAMICS OF A CONDUCTIVE FLUID 183
and we proceed as above. We thus get the estimate
(4.18)
T
A7+ (Ol < 4% o + [ G 147 2* (Do + 14757 (,Dloa] dr
0

where
M‘(t)
(4.19) / G(r 2|B0| (t)'

To estimate the sup norm of A*z% (-, 7) (see (2.9)), the only new term to estimate
is fot A*Vp(z~(r),7)dr. The pressure p satisfies

(4.20) Ap = div(z™ - Vz™T)
and is thus given by

_ Ti —Yi - -1
a2y o =Cn [ V[EZR] (ounway

The space dimension appears only in the kernel of the Poisson equation and in
the element of integration. For simplicity we shall write the proof in the case of
dimension three, since the extension to any other dimension n > 2 is straightfor-
ward. We adapt the analysis of the Poisson equation given by Ladyzhenskaya and
Ural’tseva [5] (see also [6]), to take into account the weighted factors f(z £ Bot).

1
(4.22) A%0:p(,0) = - /(@ + Bot) / AL l(z 8,2%)(u) du
We separate the large and short distance contrlbutlons to the integral by writing
(423) A+3ip = (Il + IQ)/47T
with
(4.24) IL(z)= f(z + Bot)/ 3,~Vﬂz_—u|) (27 8521)(u) du,
R3 |z — ul !

1— -
(4.25) I(z) = f(z + Bot) / a,aisz;ﬁ (1) du.
R3 |z -yl
0(z) is the previously defined C* fucntion equal to 1 for |z| < 1 and 0 for |z| > 2.
We rewrite I; in the form

L= m/duaiv[ (le— 17”

(4.26) - [ ;Ei = gzg ;Ei : ggg A2 (u,) A 0,2 (u, )
—A"z; (z,t)A% 0,27 (z, t)] .
Thus
1€ T gy 472 (loald V27 (o
(4.27)

. 2+ — ul-3 [£(z=Bot) f(z + Bot) _
[1-"/': u|<1| =2 1] du].

f(u— Bot) f(u+ Bot)
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We see that the integral in (4.27) is uniformly bounded by writing
(4.28)
f(z — Bot) f(z + Bot)
f(u = Bot) f(u+ Bpt)
_f(z+ Bot)(f(u — Bot) — f(z — Bot)) + {(@+ Bot) = f(u + Bot)
f(u+ Bot)f(u — Bot) f(u+ Bot)
<|x_u|[1+(z+30t)2'|1‘+U—2Bot| z+u+230t]
= 14+ (u+ Bot)2 1+ (u— Bot)2 1+ (u+ Bot)?
<c|lz—u| where|z—-u|<]1.

-1

Defining a = |:c + Bot| and b = |z — Byt|, we have

C _
12| £ —%— 14727 (- t)lolAT 2 (-, 7)o
(4.29) /(= = Bot)
NMo.a.w [12 0(|ul) 1+a? 1+ b2 du
N ul 1+ (z+u+Bot)21+ (z+u— Bot)2
The integral in (4.29) is bounded by the sum J; + J2 where
1 1+4a? 1+ b? _
(4.30) Jl—C v>lt_)—21+(v—a)2.l+(v—-b)2dv
and :
1 1+a® 1+ b?
4.31 Jo=C - . .
(4:31) 2 lcvc2 V14+ (v —a)? 1+ (v-1b)?
We have
1 (1+a?)? 1z U 1 (1+6?)? ]‘/2
. < SR S SR 0 .
(4.32) hisC [/ v2[1+ (v— a)2]2dv] v2 [1 + (v — b)?)? dv
In (4.32)
(4.33)

(1+a?)?dv dv‘ 4a 1 ‘a—-v
/v2[1+(v—a)2l2"/>1v +1+a?/[5+1+(v—a)2] a
3a* -1 dv dv
+a2+1/1+(v— )2_*_((12_1)/[1_+(;T)2]2

+2a/ a—v
(=5 "

I 1-a +3a2-1tan’1 1
1+a2 1+(l—a)?  a2+1 l-a
1, L1 1 1

3 "1)[“‘“ 1-a 1—a1+1/(1—a)2]
n 1
14+ (1—a)?

is uniformly bounded from above in a. It follows that

(4.34) Ji <C.




LONGTIME DYNAMICS OF A CONDUCTIVE FLUID 185

Proceeding similarly for Jz, we have
2 1/2
ww  nzc[f M'@_]“ [ ] "
T Uicoc v+ (v —a)?? 1<v<2 V[1+ (v —b)*?

Again
/ (14 a?)?dv

1<v<2 Y1+ (v — a)?)?
dv (a—v)+a
= -~ - —d
/w v +/1+(v—a)2 i

a—v+a
(a +1/ —_———dv
) cwar [T+ aPF

a?+1 1 v—a 2

1
T [1+(v—a)2+§(v—-a)2+ll

is uniformly bounded in a. Thus, in (2.17)

t dr -
<C |, =m0
: [|A+z+('77)|0.a + |A+VZ+(',T)|O,¢1]

t
A*Vp(z~(1),7)dr
0

(4.37)

and, consequently,
t
(4.38) |A*z*(,t)lo < A% 2 lo +/ G(DA* 2 (,7)lo,a + 1A% 5F (-, 7)l0,] dr
o

where

(4.39) A /G )dr <CWBB—IL()'

Let us now turn to the C%® norm of A*z%. As in (4.9), (4.10), we have
|[A*zH (2~ (2),8) — A*2* (y~ (1), ¢)l

p(t)>
(4.40) <|A*zfloa + a/ot pl(prl)(:lll |At 2t (27 (1),7) — At 2t (y~(7),7)|dT
t
+ /0 AT VR (),7) — AT Valy™ (7))l

For simplicity, we write £ = 2~ (7) and y = y~ (), p = |z — y|. Using the notations
of (4.24) and (4.25) we have

- piava(x,f) — A*Vp(y, 7))
4.41

= ;1;(1,(;) - L(y) + pia(lz(a:) — I2(y)).

For p < 3, in the expression of (I;(z) — I1(y))/p*, we separate the contributions o
from |z — u| < 2p and & from |z — u| > 2p.
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For the integral o, we bound separately the two terms of the difference, noticing
that

(4.42) ly —ul <z —ul+]z-y| < 3p.
Thus, proceeding as in (4.26)—(4.29), we obtain

(4.43) /Otadr < /Ot G(r) [|AT 2" (7)o + [ATIY(, T)0,a] dr
with G satisfying (4.39).
Turning now to &, we have
(4.44) =K +Ky+Ks
with
(4.45)

1 1 1
f=2 [ a:—Bot) f(y—Bot)]

u)] [f(z— Bot) f(z+Bot) ,_ _ .
/E)V[ |z—u| }[f(u—Bot)f(u+Bot)A Zj (u,t)AT 0527 (u, )

~A"z; (2,t)AT 9,2% (x,t)| du,

(4.46)
N el R aar=at e
[fezmte B oy
—A_zj_(:v,t)A"'ajz*'(z,t) du,
(4.47)

s = m/”[%]

(f(z — Bot) f(z + Bot) — f(y — Bot) f(y + Bot))
f(u — Bot) f(u + Bot)
CAT 27 (u,t)AY 8,27 (u,t)

- [A-z;(x,t)A+a,»z+(z, t) — A 25 (y,0) At 0,2+ (3, t)] du.

In K; we have

_a 1 ~ 1 o 1 1 ]
) 7| 7 Ew) < e Ee T E)
Thus, using (4.28), we have

t
(4.49) K, < /0 G)(A* 2 ( Dloa + A5 (. D)loa) dr
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with G satisfying (4.39). For K;, we write

(4.50) 0;,V—-—7- 0(]z — ul) 8,-V0—(ly—_L|) <Clz - y|02u;<>1 lu—ny — (1 - 7))"3'_4,
<n<

|z — ul ly — ul
but
(4.51) lu—ny— (1 —-n)z| > |u—z|—nlz -y
4.51 ; .
2 - ) - 5 - .
> |u— z| 2Iu z| > 2|u |
Thus
1
<~ _pl-ajpg——q. + +
[ N S
(45 2p<|u—z|<1 |z — u|t—
+/ 1 i [f(z—BOt)f(x+BOt)_1]du.
ap<tz—ui< |2 = ul* |f(u = Bot) f(u+ Bot)
n (4.52)
1
4.53 / S,
( ) 2p<|u—z|<1 |z — ul4—@ (o )
and
/ 1 [f(x—Bot) f(z + Bot) _1] i

(4.54) 2o<lu—sl<t |& —ul? (u-&MfW+Bw)

1
<C T du< Cln —
2p<|u—z|<1 |z — ul P

Putting together the above estimates, we get
C
f(y — Bot)
Finally, in the expression (4.47) of K3, we have
|f(z — Bot)f(z + Bot) — f(y — Bot)f(y + Bot)|
(4.56) < |z -yl [[1 + (z + Bot)?|[z + y — 2Byt
+ [L+ (y — Bot)?][z + y + 2Bot]] .

(4.55) Ky= ————|A"27 (V)0 ATVZT(,t)|0,a-

Thus
1
— /|6 V——
= [oy - o
(4.57) . [f(x—Bot)f(z‘*'Bot)—f(y Bot)f(y + Bot)] ,
’ f(u — Bot) f(u + Bot)
1 1
SCI""/ — —du=Cp!™®ln=-< '
P p<|ly—ul<1 |y—u|3 P P
and
C
4.58 Ki<— A 27 (-, DoalATVz (-, )0 .
(4.58) € gl (Oloal T VE ()
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Putting together (4.49), (4.55), (4.58), we have
t t
@s9) [ odr< [ GENATE (\loa+ 14T (o) dr
0 0

with G satisfying (4.39).
Turning now to the second term of (4.41), we write, when p(t) < 1,

(4.60) el (7)) = Ry~ (). 7)| = S+
with
L 1f(@=(0) + Bot) — Sy (t) + Bot)|
LT 00 S (D) = Bot)f(z~(t) + Bot)
(2~ (t) - ul
(4.61) /aav 0
ATZ(WATE @) (e (0) + Bot) [z~ (1) = Bot)
f(u+ Bot) f(u — Bot)
and
_ 1 - 5.yl 00z() ~u)
AR50 [os0 i HE0
) ‘ ‘ 1 A~z (u) AT V2t (u)
= 0= 0O =YYy Fa+ Bt e — Bty
We have
(4.63) Jie PO ObIAYYZ (D)o,

f(z=(t) - Bot)

For Ja, we write (w=~vz+ (1 -7v)y, 0<y<1)
J2 < p(t)'*f(y™(t) + Bot)

aoy [ vo [l et A
< (t)l_aﬁ_)m—z-(-, BlolA*2* ()l
T (-]
(4.65) f((t ~ gggﬁjf : BB;):)) ' ,f((,ff - gﬁf;ﬁiﬁ’ﬁ) du.
In (4.65)

f(y — Bot) f(y + Bot)
F{w = Bot) f(w+ Bot) ~C

because w =y +y(z —y) and |z — y| = p < 1, and
—0(|lw - ul)] <cC [1 — 0w —up)  O(w—ul)  0"(w—ul))

lw — [’ lw —u|* lw —uf?

(4.66) VV [
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Thus,

1—-60(Jw—u|)] f(w — Bot)f(w + Bot)

/ Vv [ fw = uP? ] 7(u—Bot)f(u+ Bot) ™"
/ 1 f(w— Bot)f(w + Bot)

jw—ul>1 |w —ul* (f(u — Bot)) f(u + Bot)

1 (f(w— Bot)f(w+ Bot)
+ [<|‘w—u|<2 Iw - u|3 (f(u - BOt))f(u + BOt) du.
These last expressions are uniformly bounded in z,y,¢ (see (4.28)). Thus,
C

(4.67) <

4.68 Jo € ————|A" 27 (-, t)|o|AT 2T (-, t)]o.
(4.68) S Fmm = Bot)l ¢5)lol (>t)lo
Putting all the estimates together we obtain
(4.69)

o) |AYVp(z~ (1) + Bor) — AT Vp(y~ () + BoT)|

C _
S @B

The second integral in (2.9) is in the form of that appearing in (2.8). We finally
get

(s Dloa(lAT2* ()0, + AT V2T (-, 7)0,0)-

1A% 2 (D)o
t
< |f2*loa + /0 G (A 2+ (, Do + AT 5 (, Do) dr

with G satisfying (4.39).
‘We obtain estimate (4.19) using Gronwall’s lemma.

(4.70)

PROPOSITION 4.2. There exists a positive constant 3 such that if the initial
conditions satisfy

(4.71) 6 =1f2g l1,a +1f2g I1,a < Bl|Bol,
the quantities M*(T) (T < Ty) remain bounded independently of T.
PROOF. From Proposition 4.1, we have

CN(T)
(4.72) N(T) < éexp NBo = N(T)"
We define
(4.73) g(z) = bexp _Cz z.
2|Bo| bl

Introducing n = 1/(2|By| — z), we rewrite g as
g(z) = h(n) = 6e°e*1Beln — 2B, + 1/7,

and

k' (n) = 2CE° 5| Bo|e2C1Boln _ 1 /2
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vanishes at 7., which is given by

(4.74) n2e2C1Boln- = ¢C /206| By|.
The value of h at that point is given by

1 1 1
475 h(n.) = =~ — 2By + —.
1) )= 5015w 20 s

The condition h(n.) < 0 leads to
1 1

* > .
T CBol —1+ 1+ 4/C

Substitution in (2.81) gives

(4.76)

2

C
(4.77) ¢ > ! 3 ! exp 2
2C8|Bo| © (CBo)? | -1+ \/1+4/C ~14+/1+4/C
or
(4.78) 6/|Bo| < B

for a certain positive constant 3;. Under this condition g has at least one zero
zy = 6expCz,/(2|Bo| — z1). Thus 6§ < z;. Now, if the initial conditions are such
that § < B|Bo| (8 = min(1/4,51)), then N(T) will remain smaller than z; for all
T < T independently of T.

5. Existence in the large and asymptotic freedom.

THEOREM 5.1. There exists a constant § such that, if the intial conditions
satisfy

(5.1) /28 |16 + |25 1.0 < BlBol,

there exists for all time a solution (2%,27) in C(R*,CY*(R™)). Moreover
|A%2% (- )lo.a + [AFVZE( 1) ]0,a

18 untformly bounded.

PROOF. During the time interval [0, 7] when the existence theorem holds, we
have, using the above proposition,

2% (Do, < [AT2E(, )1/ S]], < CK
and
(5.2) IV2E(, o < |[A*V2E(, )1/ S, , < CK.
We then repeatedly use the local existence theorem.

THEOREM 5.2. Under conditions of Theorem 5.1, the solution (2%, 27) of (2.1)
tends to a solution of the linear problem

G}
(5.3) &wi F BoVuw® =0

when t — +o00.
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PROOF. We define
+o00
(5.4) wt(z,t) =zi(:c,t)—/ (2F - V2% + Vp)(z F Bo(t — 7),7)dr.
t
Since

/+°°(z‘Vz+ +Vp)(z + Bolt — 7),7) dr
0

<|A727 o0 [|[AY 2 0,0 + 14T V2H |o,0]

(5-5) 1 /°° dr
1+(I+Bot)2 0 1+(Z+Bo(t—2T))2
< C 1
= |Bo| 1+ (z + Bot)?
(and a similar estimate when the + and — are exchanged), |w*(z,t) — 2% (z,t)|

tends to zero pointwise when ¢ — +oo. Furthermore w* satisfies (5.3).
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